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Introduction

Microwave radiation offers the very important feature of
inducing volumetric heating in a sample that leads to faster
processing rates and lower thermal gradients in the heated
material than the conventional techniques based on boundary
heating. This feature has led to the use of microwaves as
heating means in many practical applications, especially re-
lated to food technology. Given the importance of microwave
heating, the abundance of reported studies in the literature
regarding its modeling is not surprising.

Microwaves create very complex heat source patterns in the
heated material. These patterns can be found from the solution
of the Maxwell equations. Although their two- (2D) and three-
dimensional (3D) solutions are feasible1 (but computationally
demanding), the one-dimensional (1D) case is usually invoked
to attain greater insight on the physics of the problem. The
usual 1D approximation refers to the normally irradiated slab2,3

(Cartesian geometry) and the radially irradiated cylindrical
sample (axisymmetric case). The latter 1D model has been
used to simulate the heating of cylindrical samples in actual
microwave ovens based on the dubious assumption that mul-
tiple reflections from the oven’s wall lead to an approximately
1D pattern in the sample.4 Recently, it has been experimentally
shown that the temperature profile in a rotated cylindrical
sample is axisymmetric so the radially irradiated model is
appropriate for this case.5

The heat source patterns resulting from the Maxwell equa-
tions for the 1D case are not so simple, especially for the case
of nonuniform dielectric properties for which a numerical
solution is needed. For this reason, several simple expressions
for heat sources based on Lambert’s law have been proposed.
Although the limits of validity of these expressions for the case
of an 1D slab have been extensively studied years ago,6 only
recently have the corresponding limits for the axisymmetric
geometry been proposed.7 In the present work, the approximate
expressions for the heat sources in a radially irradiated cylin-
drical sample are reviewed and the corresponding validity
region for the best one (much wider than that proposed previ-
ously7) is given. In addition, criteria for the application of
simplified expressions for sources in the case of temperature-
dependent dielectric properties are presented for the first time.

Problem Formulation

The electric field intensity is a complex quantity with real
and imaginary parts, ER and EI, respectively (that is, E � ER �
iEI, where bold characters refer to complex variables). Its
spatial distribution with respect to the radial coordinate r can be
found from the solution of the following equations (which
result from the Maxwell equations by assuming a harmonic
time dependency of the electric field7):
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with the following boundary conditions:
Axial Symmetry

�ER

�r
�

�EI

�r
� 0 at r � 0 (3)

Radiation Boundary Condition
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�r
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and J0, J1, Y0, and Y1 are the zero- and first-order Bessel
functions of the first and second kind, respectively. The relative
dielectric constant �� and relative dielectric loss �� of the
radiated material appear in Eqs. 1 and 2.

The volumetric heat generation rate Q is equal to the radi-
ation power dissipated in the medium and can be found as

Q � �f�0���ER
2 � EI

2� (9)

In the above equations, R is the radius of the cylindrical
sample, f is the microwave radiation frequency, c is the speed
of light, �0 is the free space permittivity, and E0 is the intensity
of the incident radiation.

For constant dielectric properties, the above system has an
analytical solution in terms of Bessel functions with complex
arguments.7 In this case, the analytical solution is used for the
subsequent computations. In any other case, the system is
solved using a shooting procedure. The unknown variables are
the values of the field at the symmetry axis, ER(0), EI(0). A
value is assumed for these variables and the system of Eqs. 1
and 2 is integrated as an initial-value problem using an explicit
Runge–Kutta integrator with self-adjusting step size and arbi-
trary specified accuracy.8 If the solution does not satisfy the
boundary conditions 4 and 5 a new estimation of ER(0), EI(0)
is taken through a Newton–Raphson procedure. The above
procedure is repeated until convergence is achieved.

Heat source approximations

Several approximate forms have been proposed for Q based
on Lambert law. According to this law, the variation of the
transmitted power flux I with distance z from the sample
surface is

I� z� � I0e
	2�z (10)

where

� �
2�f

c ����2 � ��2 � ��

2
(11)

and I0 is the incident power flux on the surface of the sample.
Based on this law, Oliveira and Franca7 used the following

expression for Q for radial irradiation of a cylindrical sample:

Q1�r� � 2I0�e	2��R	r� (12)

The above expression is similar to that used for rectangular
geometry6 and ignores the densification of the adsorbed energy
toward the center of the sample.

Performing a careful balance between the entering, pro-
duced, and exiting power for a cylindrical shell of infinitesimal
thickness, Chen et al.9 proposed the following relation:

Q2�r� � 2I0�
R

r
e	2��R	r� (13)

Finally, Lin et al.10 modified the above relation by taking
into account the contribution of the radiation entering to the
sample from the antidiametrical point:

Q3�r� � 2I0�
R

r
�e	2��R	r� � e	2��R�r�� (14)

In the above equations, � can be a strong function of tem-
perature and, consequently, spatial dependent. For example, �
for water falls to its half value as the temperature goes from 20
to 50°C. In such a case, however, it is not reasonable that the
local radiation intensity depends only on the local value of �
and not on the �-values along its previous path. A closer
examination of the physics of the problem reveals that a run-
ning integral over � is more appropriate:

Q4�r� � 2I0��T�
R

r
e	2 
r

R �dr (15)

The use of Eq. 15 is not so popular in the literature and Eq. 13
is still heavily used even for cases where the temperature
dependency of dielectric properties is a major aspect of the
whole process.11 Expressions analogous to Eq. 15 can also be
developed on the basis of Eq. 14.

It is noted that all the above approximate forms of the Q
value exhibit a singularity of type 1/r at the center of the
cylinder r � 0. This is not a severe problem because it corre-
sponds to a finite slope of the temperature profile at r � 0 [that
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is, (�T/�r)r�0 � 0]. By setting an upper limit to Q values
(cutoff value) the temperature slope at r � 0 will go to zero
with only a small (local) influence in the temperature profile.
Nevertheless, the singularity of Q creates problems to the
numerical solution of the heat-transfer equation.

Results and Discussion

The length 1/� is called penetration length and represents the
thickness of the sample penetrated effectively by radiation. For
the case of a characteristic sample dimension much larger than
the penetration depth, a monotonic function Q(r) (which can be
easily approximated by Lambert’s law) results from the solu-
tion of Maxwell’s equations. As the ratio of the characteristic
sample size to penetration depth (�R) decreases, the function
Q(r) becomes increasingly more oscillated with local peaks and
valleys.2 This shape cannot be approximated by Lambert’s law.
The value of the above ratio at which the Lambert’s law
diverges from Maxwell’s equation has been found6 to be 2.7
for the slab geometry (characteristic dimension is the thickness
of the slab). Recently,7 a similar analysis has been performed
for a radially irradiated cylinder and the critical ratio was
determined to be �R � 7. This value precludes any practical
use of Lambert’s law for cylindrically shaped samples.

To perform an analysis of the above type for the assessment
of an approximate formula for Q(r), some specific points must
be clarified. First of all, a matching procedure for the param-
eters E0 and I0 must be defined. Their fundamental relation in
free space [I0 � (1/2)c�0E0

2] leads to very poor results.12 The
procedure followed by Ayappa et al.6 consists of equating the
exact and approximate expressions of Q for the case of a
semi-infinite slab. In Oliveira and Franca,7 the matching con-
dition (as inferred from their figures) is Q(R) � Q1(R). Second,
an appropriate error norm must be defined. This norm is the
square root of the average of the second power of the difference
between Q and Q1 divided by Q1(R)/2 for the planar geometry6

and Q1(R) for the cylindrical geometry.7 The criterion for the
evaluation of the critical ratio is that the above norms must be
equal to 0.01.

The analysis for the cylindrical geometry case exhibits sev-
eral subtle points, which are believed to be the reason for the
particular large value of the critical ratio, �R � 7, derived by
Oliveira and Franca.7 First, it is based on the approximation Q1,
which is not an acceptable form of Lambert’s law for the
cylindrical geometry. Second, the nonnormalized error norm
that is used,

�1

R �
0

R

�Q � Q1�
2dr (16)

does not have a clear physical meaning. The correct volumetric
average of the square of the deviation between the two relations
is defined as

� 2

R2 �
0

R

r�Q � Q1�
2dr (17)

Also, the applied matching procedure between the two rela-
tions in Oliveira and Franca7 is not a good choice. Here, the
above weak points are relaxed as follows: the approximate
relations Q2, Q3, and Q4 are used instead of Q1. A new
matching procedure is introduced according to which the ap-
proximate average heat generation rate must be equal to the
corresponding exact one. This means that the comparison must
be made between the following dimensionless relations:
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In the particular case of � being constant, Q4d � Q2d and the
integrations in Eqs. 19 and 20 can be performed analytically, so
that

Q2d �
R2�

r

e2�r

e2�r � 1
(22)

Q3d �
R2�

r

e	2��R	r� � e	2��R�r�

1 � e	4�r (23)

The error norm is normalized with respect to the average heat
generation rate. The approximate expressions Q2 and Q3 di-
verge in a rate proportional to 1/r at r � 0. This has as a result
the divergence of the error norm (Eq. 17), which is based on the
square of the deviation. A different error norm based on the
absolute value of the deviations is the appropriate one for the
present case. Summarizing the above, the error norms used
here are (i � 2, 3, 4)

Ni �
2

R2 �
0

R

r�Qd � Qid�dr (24)

Uniform dielectric properties

A very important outcome of the analysis performed by
Ayappa et al.6 and Oliveira and Franca7—for a large variety of
foods and several values of microwave frequencies and tem-
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peratures—is that the performance of Lambert’s law depends
only on the dimensionless ratio �R and not on the individual
parameters (��, ��, f, R). This means that to perform a similar
analysis, examination of a certain food material under a certain
set of conditions is sufficient. Here, pure water is examined for
f � 2750 MHz and T � 25°C, choices dictated by the main
interest in this laboratory regarding microwaves technology
and, in particular, microwave gelatinization of dilute starch/
water mixtures13 that have dielectric properties in close prox-
imity to those of water.14

According to the computations, the values of error norm N2

for constant � can be fitted using the equation

N2 � exp�	0.031927 � 0.76089�R

� 0.23398��R�2 � 0.017808��R�3� (25)

The norm N3 is always slightly smaller than N2, with the
difference to increase as �R decreases. For �R � 1, N2 � 0.365
and N3 � 0.347 but for values of �R small enough for the
approximations to be valid, N2 and N3 are extremely close. We
focus on the approximation Q2 because of its simpler form and
wider use. It is noteworthy that the error is only 2% for a value
of �R as small as 3, which is too far from the value 7 (the
critical value of �R proposed by Oliveira and Franca7). The
reason for this discrepancy becomes clear when examining the
form of the function Q(r) shown in Figures 1a and 1b for �R �
3 and 2, respectively. As �R decreases, more profound oscil-
lations appear in Q(r) with a (finite height) spike at r � 0.
Approximations Q2 and Q3 (in contrast to Q1) can approximate
this spike by their diverging behavior at r � 0. In addition, it

is seen that the main divergence between exact and approxi-
mate forms of Q(r) is in the region of small r. This region has
a very small contribution to the correct error norm (Eq. 17,
weighted with respect to r), leading to much smaller values
than the error norm (Eq. 16). For completeness, the dimension-
less form of the rather disappointing approximation Q1

Q1d �
R2

2

e2�r

�
0

R

re2�rdr

is also shown in Figure 1.
Recently, Yang and Gunasekaran5 made a comparison be-

tween the predictions of Lambert’s law—Eq. 13 with no
matching procedure and constant dielectric properties—and
Maxwell’s law for the temperature distribution in a cylindrical
sample (assumed radially irradiated). The power adsorption
pattern between the two laws is very different for the cases
under consideration, and the temperature predictions using
Maxwell’s law are clearly better than those using Lambert’s
law.

Nonuniform dielectric properties

Let us next examine what happens in the case of tempera-
ture-dependent properties. The dielectric properties of water at
f � 2750 MHz are considered again. Their temperature depen-
dency in the range 20–80°C is derived from the figures given
by Ryyananen et al.14 The temperature profile is assumed to be
linear in r with a minimum temperature Tmin � 20°C and a
maximum temperature Tmax � Tmin � DT. The minimum
temperature can be located at the circumference (case 1) or at
the axis (case 2) of the cylinder. The normalized exact heat
source can be found by substituting the solution of the bound-
ary-value problem (BVP, Eqs. 1–5) in Eqs. 9 and 18. The
above linear temperature profile seems rather unreasonable,
although one should keep in mind that the scope here is not to
simulate the heating process but to establish criteria for the use
of simplified expressions for the heat source. Taking into
account that the number of parameters must be kept at a
minimum, the linear temperature profile comes naturally as the
best choice. With respect to objections about the unrealistic
finite slope of the linear profile at r � 0 one is reminded that
the approximate expressions under consideration also predicts
a finite slope. In any case, a small variation of the linear profile
to accommodate the zero slope at r � 0 would have absolutely
no influence on the results and conclusions of the present work.

In Figures 2a and 2b the normalized heat generation distri-
bution is shown for case 1 with �r�RR � 3 and DT � 10 and
30°C, respectively. The notation �r�R denotes the value of �
computed at the temperature of the point r � R. It is shown that
as DT increases the temperature rise in the cylinder leads to
lower values of � and a higher degree of oscillation close to the
cylinder axis. The approximation Q4 is obviously better than
Q2. To assess the approximation with respect to the tempera-
ture variation, the normalized errors N2 and N4 are presented in
Figure 3 with respect to the temperature difference DT for the
case 1 and for �r�RR � 3, 4, and 5. For both approximations
the error increases as �r�RR decreases and DT increases, as

Figure 1. Exact and approximate normalized distribu-
tion of the heat source.
Water at f � 2750 MHz, T � 25°C: (a) �R � 3; (b) �R � 2.
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expected. This error arises from the oscillating nature of the
exact solution, which cannot be followed by the approximate
one. The error is larger for the Q2 approximation and it is
almost independent from the value �r�RR for large DT. In this
case, the source of error is not only the oscillations of the exact
solution but also the inability of the approximation to repro-
duce solutions (even nonoscillating) with varying dielectric
properties. This argument is further confirmed by Figure 4
(case 2, DT � 30°C, �r�RR � 2.5), where it is clear that even
a smooth exact solution (which can be approximated with very
high accuracy by Q4) cannot be reproduced by Q2.

For the case 2 temperature profile, as DT increases �R inside
the cylinder decreases, leading to suppression of the oscilla-
tions of the heat generation distribution. This means better
performance of the approximation Q4 as DT increases, keeping
the quantity �r�RR constant. Actually, the error of the approx-
imation is determined by the value �R at the region that is more
susceptible to oscillations (axis of the cylinder). For Figure 4,
this value is �r�0R � 5 and that is why Q4 performs well. The
immediate conclusion emerging from the above analysis is that
the approximate expression Q4 can be safely used for a heat
generation profile during the radial irradiation of a cylindrical
sample, with an error estimated by Eq. 25 using �r�0R.

To this end, there are actually two methods for the compu-
tation of the heat source term for the radial irradiation of a
cylindrical sample: the approximation Q4 or the solution of
Eqs. 1–5 and 9. The above equations must be solved numeri-
cally at each time step of the heating process so the use of Q4

is more desirable. To decide whether Q4 is appropriate, the
constant � that corresponds to the maximum estimated tem-
perature at the axis of the sample must be computed; this value
of � can then be used for an estimation of the error in Q4, from
Eq. 25. Depending on this error, the approximation Q4 can or
cannot replace the complete equations for the electric field. A
criterion proposed here is �r�0R 	 3. This criterion can be
generalized for �’s spatial dependency attributed not only to
temperature but also to composition15 or structure.16 In any
case, the above criterion must be fulfilled with the � value
computed at r � 0.

It is worth noting that, to obtain the heat source distribution
shown in Figure 2b, the algorithm returns 116 discretization
points for a relative error of 10	4 and 42 points for a relative
error of 10	2. Considering the high order of the numerical
method of integration and the unequal (optimum) spacing, a
much larger number of discretization points is needed for a
comparable accuracy with the second-order finite-element
method with equal spacing (usually used in the literature for the
particular problem16). Decoupling the heat-transfer equation
from the microwave radiation equations and solving a BVP for
the latter at each time step of the former (equivalent to a
moving grid approach) seems to be a tempting alternative to the
combined solution using a finite-element discretization.

Figure 2. Exact and approximate normalized distribu-
tion of the heat source for �r�RR � 3.
Water at f � 2750 MHz, case 1 temperature profile: (a) DT �
10°C; (b) DT � 30°C.

Figure 3. Normalized errors of the approximate expres-
sions for the heat source distribution vs. DT for
several values of �r�RR.
Water at f � 2750 MHz, case 1 temperature profile.

Figure 4. Exact and approximate normalized distribu-
tion of the heat source for �r�RR � 2.5 and
DT � 30°C.
Water at f � 2750 MHz, case 2 temperature profile.
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Conclusions

In modeling the microwave heating of a radially irradiated
cylindrical sample (for constant dielectric properties) the sim-
plified relation expressed in Eq. 13 for the heat source can be
used instead of the exact analytical solution of Maxwell’s
equation7 if �R 	 3. The main advantage of using Eq. 13 is that
it permits easier analytical manipulation in case of solving the
heat-transfer equation using analytical and asymptotic tech-
niques. For temperature-dependent dielectric properties, the
criterion for using relation 15 instead of numerically solving
the Maxwell equations is �r�0R � 3. The parameter � must be
computed at the center of the cylinder. In this case, the advan-
tage of using Eq. 15 is that the solution of the Maxwell
equations coupled with the heat-transfer equation—increasing
the computational effort many times!—is avoided.
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